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REDUCIBLE CUBIC FORMS EXPRESSIBLE RATIONALLY 
AS DETERMINANTS. 

By L. E. Dickson. 

1. A quadratic form q in three or four variables can be expressed in 
general in the form xy — z 1 or xy — zw, each of which is a determinant 
of order two. Hence if I is any linear form, Iq equals a determinant of 
order three whose elements are linear functions of the variables. 

Henceforth, let I and q have rational coefficients. Can we express Iq 
rationally in determinantal form, i.e., as a determinant whose elements are 
linear functions with rational coefficients? We cannot ordinarily employ 
the above special method in which the elements of a row are I, 0, 0, since 
the two linear functions in a row of the minor vanish for rational values, 
not all zero, of the variables, while q need not vanish for such values. We 
introduce I as the new variable y. For three variables, yq is always ex- 
pressible rationally in determinantal form, as shown by taking w = in 
the formula of § 2. For four variables, the question is not so simple, but 
is answered completely by the following 

Theorem. Let q be a quadratic form in four variables with rational 
coefficients, (i) If q vanishes at some rational point having y = 0, yq is 
expressible rationally in determinantal form, (ii) If q 4= for every rational 
point having y 4= 0, then yq is expressible rationally in determinantal form 
if and only if either yq is equivalent to a ternary form, or the determinant of q 
is the square of a rational number 4= and the determinant of q(x, 0, z, w) 
is 4= 0. (Hi) If both of the preceding hypotheses be denied, so that q 4= at 
every rational point having y = 0, and q = for some rational point having 
y #= 0, then yq is not expressible rationally in determinantal form. 

The respective cases are in geometrical language: (i) The quadric 
surface has a rational point in common with the plane, (ii) Every rational 
point of the surface lies in the plane. (Hi) The surface contains a rational 
point, but contains no rational point of the plane. 

If q = yL, yq equals a determinant whose diagonal elements are 
y, y, L. But if q contains terms free of y, we can apply a linear transforma- 
tion on x, z, w with rational coefficients which replaces q by a form in 
which the coefficient of x- is c 4= 0. We may assume that c = 1, since 
cy may be taken as a new y in yq. After making a suitable addition to x, 
we obtain yQ, where Q = x 2 + f, and / is a quadratic form in y, z, w. 

70 



REDUCIBLE CUBIC FORMS. 71 

2. First, let Q vanish at a rational point P = (x', 0, z', w') for which 
y = 0. Since z', w' are not both zero, we may take w' 4= 0, interchanging 
z and w if necessary. Taking zw' — wz' as a new variable z, we have 
P = (a, 0, 0, 1) . Let yL denote the sum of the terms of/ with the factor y ; 
then 

x + aw y 

Q = x 2 + yL + dz 3 + ezw — a 2 w 2 , yQ — — L x — aw z 

dz + ew y 

3. Second, let Q 4 for every rational point having y 4 0. Assume 
that yQ equals a determinant D whose nine elements are linear functions 
of x, y, z, w with rational coefficients. Since x 2 y is the only term involving 
x in yQ, we may assume that x occurs, with coefficient unity, in the first 
element of the first row of D and in none of the remaining elements of the 
first row and first column; also that x occurs, with coefficient unity, in 
the second element of the second row and not elsewhere in the second row 
or column; and that the last element of the third row is y. Hence 

; X ~T~ t\ 62 '3 j 

(1) D= k x-h /«;, 

\ h k y\ 

where the Vs are free of x, while U, U, h, k may be assumed free also of y 
(in view of the element y), and where the preliminary entry U has been 
replaced by its value — h. In fact, the terms linear in x were xy{l x + U) 
— x(l 3 l 7 + Uk), whence h + h = and 

(2) l 3 l? + Uk = 0. 

Since D — when x = — l u l 2 = h = (which are satisfied by an 
infinitude of rational values of x, y, z, w), these linear relations must 
imply y = 0, in view of our hypothesis that yQ 4= if y + 0. Hence y 
equals a linear homogeneous function of U and h. But l 3 is free of y. 
Hence 

(3) h = py + <?h, p =¥ 0. 

Using similarly the elements of the second row, first and second columns, 
we see that 

(4) k = ry + th, r 4= 0, 

that U is a linear function of y and l 7 , and that k is a linear function of 
y and k. Thus, if crl 3 ^ 0, 

(5) k = vl 9 , h = — vU, v 4= 0, 
by (2); the same follow also if tU # 0. By (5), 

D = y(x 2 - h 2 - hh) -v\ \ = 2hkU + hk 2 - h 2 k. 



72 L. E. DICKSON. 

By (3) and (4), 

X = l 3 l t (2li + <xl 6 — tit) + pyk" — ryk 2 . 

Since D shall have the factor y, we conclude that 

(6) h = itl 3 - \aU 

if Z 3 Z 6 + and if h (like Z 3 and Z 6 ) is free of ?/. This is accomplished as 
follows. Add the products of the elements of the first row of D by ft to 
the elements of the second row, and then subtract the products of the 
elements of the second column by ft from the elements of the first column. 
We obtain a determinant of the same form as (1) with h — ftZ 2 in place 
of h. By choice of ft, we may assume that h lacks y. We now have 

(7) Q = D/y = x 2 - Zi 2 - hh - vpU + vrl t *. 

Inserting the values (3), (4), (6) of Z 2 , k, h, we obtain a quadratic form in 
x, y, Z 3 , U, whose determinant equals (rpm) 2 , where 

I . IT 
m = V — -r- + -r-, 

Ar 4p 

while the determinant of the part in l s , U only is — vrpm. Or we may 
avoid this computation by completing the square of the terms in y and 
finding that the terms in l z U cancel: 

Q = x- - r P Y- + rmli- - pml£, Y = y + £ l 3 + lz,. 

The determinant of Q is seen by inspection to be (rpm) 2 . If m = 0, then 
Q = when x = Y = 0, which imply y = only when Y s y t and then 
yQ is a binary form. 

It remains to consider the special cases excluded above. If Z 3 = U — 0, 

(8) Q = D/y = x 2 - Zx 2 - r P y 2 

vanishes when x — h = ay, x + h = 0y, af3 = rp, a 4= /3, which imply 
y = only when I^O, and then ?/Q is a binary form. 

If Z 3 = 0, Z 6 + 0, then Z 8 s by (2). Using (3) and (4), we get 

Q = D/y = x 2 - Z x 2 - pyiry + ZZ 6 ) + P Z 6 Z 7 - 

Now Q = when x = h, y = Z 6 , n/ + ZZ 6 = Z 7 , which imply y = only 
when Z 7 is proportional to Z 6 . Hence let Z 7 = kh. Then Q = when 
U = y,x — h = ay, x + Zi = )3y, a/3 = p(r + f - ft), a + /3, which imply 
y = only when Zi = 0, and then yQ is a ternary form in x, y, Z 6 . 

If Z 3 + 0, Z 6 = 0, we interchange the first two rows and first two 
columns of (1) and are led to the preceding case. 
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Finally, let l 3 U + 0. By the remarks accompanying (5), it remains 
to consider only the case in which a = t = 0, whence U — py, k = ry- 
By (2), U or k is divisible by l 3 . In the second alternative, we have (5), 
since, if k — 0, then h = and D is of the form (8). Hence h = sl 3 , 
s 4= 0, so that h = — sk by (2). The only term of D lacking y is — 2shl 3 k, 
whence hk — 0. But l s = was seen to lead to (8). Hence h s= and 

D/y = x 2 — rpt/ 2 + (r - s 2 p)^s^s 

is zero when x = r, y = s, l 3 l s = — r. But l 3 and Zs can be given any 
desired values by choice of z and w unless they are proportional, which 
is the case (5) already treated. 

Conversely, let the determinant of x 2 + / be a rational square #= 
and the determinant of /(0, z, w) be 4= 0. By a linear transformation 
altering neither x nor y and having rational coefficients we can evidently 
delete the terms in zw, yz, yw. We obtain a form of the following type, 
whose simplest representation as a determinant is obtained by taking 
a- = t = in (l)-(7) : 

x P y k 
yix 1 — rpy 2 + rvl z 2 — pvh 2 ) = ry x k 

- vk vh y 

4. If Q falls under neither § 2 nor § 3, then Q 4= for every rational 
point having y = 0, and Q = for some rational point P with y + 0, 
say P = (x', 1, z', w'). We shall prove* that yQ is not equal to a de- 
terminant (1) with rational elements. Taking z — z'y and w — w'y as 
new variables z, w, we may write P = (a, 1, 0, 0). In view of (2), the 
expansion of (1) gives 

(9) D = y(x 2 - h 2 - hk) + khk + hUh + 2hkh. 

First, let one of h, k contain y. Interchanging rows and columns if 
necessary, we may assume that 

k = py + Li, h = ry + L^ p 4= 0, 

where L 2 , L 4 are functions of z, w. By the argument just above (7) in 
§ 3, we may assume that h lacks y. Since (9) shall equal yQ, 

Q = x 2 - l{- - UU + rkk + pish, R = kkLi + UhLi + 2hhh = 0. 

If l 3 = l 6 ss 0, Q = when x = h, y = 0, L 2 = 0, contrary to hypoth- 
esis. If l 3 = 0, h + 0, then k = by (2), hL 2 = by R = 0, and Q = 
when x = h, y = 0, L 2 L* = phl 7 , which implies a linear relation between 
z and w. Hence l 3 ^ 0, and, similarly, h + 0, l 7 + 0, k # 0. 

* The hypotheses are satisfied if Q = x 2 - y 2 + 2z 2 + 3io 2 , P = (1, 1, 0, 0). 
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By (2), U or l s is divisible by Z 3 . In the first case, 

(10) Z 6 = al z , h=- al s , a + 0, 
whence 2ah = L 4 - a 2 L 2 by E s 0. Then Q = for 

2/ = 0, a; = -Hj , Z 3 = 0, 

contrary to hypothesis. Hence U and Z 3 are not proportional and 

(11) Z 8 = Ph, h ■ - &U, /3 ± 0, 

whence ^ - 1<?U - 2ZiZ 3 Z 6 = by fl e 0. Thus L 4 s &Z 6 and fcZ 3 2 
— Z 6 L 2 — 2Ul s = 0, whence L 2 = ph, 2Zi = kl s — pZ 6 . Thus 

Q = x*- - i(kl 3 - phY- - (py + pl s )(ry + kl t ) + r/?Z 3 2 - pPW. 

Since Q is zero at P, pr = a 2 , whence r = pt 2 , t = a I p. Thus 

Q_ = x 2 - ilf 2 + /? P (i 2 Z 3 2 - Z 6 2 ), M s |(M 3 + pl 6 ), 

so that Q = for y = 0, x = ikf , Z 6 = tl 3 , contrary to hypothesis. 

Second, let Z 2 and Z 4 both lack y. Let Z x = cy + la- Then, by (9), 

Q = x 2 - h 2 - Z 2 Z 4 + 2chh, S s Z 3 Z 4 Z 8 + Z 2 Z 6 Z 7 + 2Z,iZ 3 ?7 s 0. 

If Uh = 0, Q = when x = L\, y = 0, Z 2 = 0, contrary to hypothesis. 
Thus l s l 7 # and, similarly, Z 2 Z 4 # 0. Then hk # by (2). We have 
(10) or (11). By (10), S = implies 2«Li = k- a%. Then Q = 
when 

j, = 0, Z 3 = 0, x = (Z 4 + « 2 Z 2 )/(2a). 

By (11), S = (Sih-k - W - 2LiW.) = 0. Hence Z 2 = dl s and then 
Z 4 = eU, 2Li = el s — dU. Thus Q = when 2/ = Z 3 = 0, x = |dZ 6 , con- 
trary to hypothesis. 



